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Abstract 

In this paper we study small amplitude solutions of nonlinear Klein 
Gordon equations with a potential. Under smoothness and decay assump- 
tions on the potential and a genericity assumption on the nonlinearity, we 
prove that all small amplitude initial data with finite energy give rise to 
solutions asymptotically free. In the case where the linear system has at 
most one bound state the result was already proved by Soffer and Wein- 
stein: we obtain here a result valid in the case of an arbitrary number of 
possibly degenerate bound states. The proof is based on a combination 
of Birkhoff normal form techniques and dispersive estimates. 



1 Introduction 

In this paper we study small amplitude solutions of the nonlinear Klein Gordon 
equation (NLKG) 

utt- ^u + Vu + m'^u + f3'{u) ^0, {t,x)eRxm.^ (1.1) 

with —A + V{x) + m? a positive short range Schrodinger operator, and (3' a 
smooth function having a zero of order 3 at the origin and growing at most like 

at infinity. Under suitable smoothness and decay properties on the potential 
V and on /3, and under a genericity assumption to be discussed below, we 
prove that all initial data with small enough energy give rise to asymptotically 
free solutions. Thus in particular the system does not admit small amplitude 
periodic or quasiperiodic solutions with finite energy, in contrast with what 
happens in bounded domains where KAM theory can be used to prove existence 
of quasiperiodic solutions [Kuk93, CW93, Way90, Bou05, EK06]. 

A crucial role in our discussion is played by the spectrum of the Schrodinger 
operator — A + V{x). If — A + V{x) does not have eigenvalues, then the asymp- 
totic freedom of solutions follows from a perturbative argument based on a 
theorem by Yajima [Y]. If —A + V + m? has just one nondegenerate eigenvalue 
lying close to the continuous spectrum, then the result is proved by [SWl] . We 
generalize this result, easing most restrictions on the spectrum of — A -\-V -\- m^. 
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From a technical standpoint, the key is to prove that, due to nonhnear cou- 
pUng, there is leaking of energy from the discrete modes to the continuous ones. 
The continuous modes should disperse by perturbation, because of the linear 
dispersion. In [SWl] this leaking occurs because the discrete mode equation 
has a key coefficient of positive sign, which yields dissipation. In [SWl] this 
coefficient is of the form {DF, F) for D a positive operator and F a function. 
Assuming the generic condition {DF, F) ^ (which is called nonlinear Fermi 
golden rule or FGR), then such a quantity is strictly positive. This gives rise 
to dissipative effects leading to the result. The presence of terms of the form 
{DF, F) was first pointed out and exploited for nonlinear problems in [Si] , which 
proves that periodic and quasiperiodic solutions of the linear equation are un- 
stable with respect to nonlinear perturbations. In the problem treated in [Si], 
this coefficient appears directly. In our case, to exploit the coefficient it is first 
necessary to simplify the equations by means of normal form expansions. The 
normal forms argument was first introduced in [BP2] , later by [SWl] , (see also 
[GS, CM] and for further references [CT]). 

In the case when the eigenvalues of — A + ^ + are not close to the 
continuous spectrum, the crucial coefficients in the equations of the discrete 
modes are of the form {DF, G) for F and G not obviously related, if one follows 
the scheme in [BP2, SWl, GS, CM]. The argument in [CM] shows indirectly 
that, in the case of just one simple eigenvalue, this coefficient is semidefinite 
positive. But this is not clear any more in the case of multiple eigenvalues of 
possibly high multiphcity, if one follows the scheme in [BP2, SWl, GS, CM]. In 
the present paper we fill this gap. Using the Hamiltonian structure of (1.1) and 
the Birkhoff normal form theory, we show that dissipativity is a generic feature 
of the problem. Here lies the novelty of this paper; previous references perform 
normal form expansions losing sight of the Hamiltonian structure of (1.1). It 
turns out that the Hamiltonian structure is crucial. 

We recall that Birkhoff normal form theory has been recently extended to a 
quite large class of Hamiltonian partial differential equations (see for example 
[BN98, Bam03, BG06]). However here we need to deal with two specific issues. 
The first one is that we need to produce a normal form which keeps some memory 
of the fact that the original Hamiltonian is local, since locality is a fundamental 
property needed for the dispersive estimates used to prove dissipation. The 
second issue is that the Hamiltonian function (and its vector field) of the NLKG 
has only finite regularity, so it is not a priori obvious how to put the system in 
normal form at high order. This problem is here solved by noticing that our 
normal form is need only to simplify the dependence on the discrete modes and 
to decouple the discrete modes from the continuous ones. This can be obtained 
by a coherent recursive construction yielding analytic canonical transformations. 

We end this introduction by recalling the related problem of asymptotic 
stability of solitary waves for the NLS, which has been studied in a substantial 
number of papers. We reference only the seminal papers [SW2, BPl, BP2, GS] 
and the paper [CM] from which we draw for our proof. See [CT] for further 
references. Here too positive answers are known only if either the spectrum of 
the linearized operator at the solitary wave has only one eigenvalue (besides 
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those related to the symmetries of the problem), or if a more restrietive version 
of FGR is true, see [CM]. We expect our methods to be relevant also to this 
problem. 

2 Statement of the main result 

We begin by stating our assumptions. 

(HI) Vix) is real valued and \d^Vix)\ < C {x}-^-^_JoT_\a\ < 2, where C > 
and a > are fixed constants and (a;) := y/l + |a;p; V{x) is smooth with 

\d^V{x)\ <Co,<oo for all a; 

(H2) is not an eigenvalue or a resonance for — A + V, i.e. there are no nonzero 
solutions of Au = Vu in with |u(x)| < {x)~^ . 

It is well known that (H1)-(H2) imply that the set of eigenvalues aci{—A + 
V) = is finite, contained in (— oo, 0), with each eigenvalue of finite 

multiplicity. We take a mass term such that —A + V + > and we 
assume that indexes have been chosen so that — < • • • < — A^^. We set 

LOj = LOj{m) := ^m'^ — Xj. Notice that the —Xj are not necessarily pairwise 
distinct. We assume that m is not a multiple of any of the Wj's: 

(H3) for any Wj there exists Nj e N such that NjWj < m < {Nj + l)ujj. 

Notice that A^i = sup^- Nj. Hypothesis (H3) is a special case of the following 
hypothesis: 

(H4) there is no multi index e Z" with := + ... + < 2Ni + 3 such 
that II - u = m. 

We furthermore require: 

(H5) if cjji < ... < Uj^ are k distinct w's, and fj, G Z'^ satisfies |/u| < 2Ni + 3, 
then we have 

/ilWji H h l^kOJjk = <s=^ = . 

Remark 2.1. There exists a discrete set D c (— Af,oo), such that iov m ^ D 
hypotheses (H3-H5) are true. 

Assumptions (H1)-(H5) refer to the properties of the linear part of the equa- 
tion. Concerning the nonlinear part (3' {u) we assume the following hypothesis: 

(H6) We denote by j3{u) the antiderivative with /3(0) = 0. We assume that 
there exists a smooth function ^ G C°°(M, M) such that P{u) = u^i3{u) 
and, for any j > there exists Cj > such that \P^^\u)\ < Cj{u)~K 

Finally there is a nondegeneracy hypothesis relating the linear operator — A-|- 
V -\- w? and the nonlinearity (}{u). Specifically it relates to resonance between 
discrete and continuous modes. Its precise statement requires some notations 
and preliminaries, so it is deferred to section 5.1. 
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(H7) We assume that (5.30) or, equivalently, (5.33) holds. 

(H7) is the most significant of our hypotheses. It should hold quite generally. 
By way of illustration, in Section 5.1 we prove the following result: 

Proposition 2.2. Assume thatV satisfies (H1)-(H2), decreases exponentially 
as \x\ oo, and all its eigenvalues are simple. Then there exist a finite set 
M C (-Af,+oo), for any m € {—X\,+oo)\M a finite set M{m) C Z" locally 
constant in m, functions f^^m € C°°(MI''I~^, R) for /j, € M{m), such that (HI) 
holds if the following is true: m G (— Af , +oo)\A^ and 



7^ f^,m{Pi, ...,/3|^|_i) for all ^ € M(m) and where /3j := /3^-'^(0)/.; 



Now we state the main result of this paper. Denote KQ{t) = . 
Then we prove: 

Theorem 2.3. Assume hypotheses (H1)-(H7). Then there exist £o > and 

C > such that for any ||(mo, wo)|l^fixL2 < e < £o the solution of (1.1) 
with (w(0),Uf(0)) = {uo,vo) is globally defined and there are {u±,v±) with 
\\{u±,v±)\\hixl^ < Ce 

lim \\u{t)-K'o{t)u±-Ko{t)v±\\m=0. (2.1) 

t — *±oo 

It is possible to write u(t,x) = A[t,x) +u{t,x) with \A(t,x)\ < CN{t){x)~^ 
for any N, with lim|t|^oo CN{t) = and such that for any pair {r,p) which is 
admissible, by which we mean that 

2/r + 3/p = 3/2, 6>p>2, r > 2, (2.2) 

we have 

\m i-i+i,p < C'll(wo,^'o)||/^lxL2■ (2.3) 

Remark 2.4. Theorem 2.3 is well known in the particular case V — 0. In this 
case u = u. If the operator —A + V does not have eigenvalues and satisfies the 
estimates in Lemma 6.1, then Theorem 2.3 continues to hold. Work by Yajima 
[Y] guarantees that this indeed is the case for operators satisfying (H1)-(H2) 
such that a-d(— A + V) is empty, see Lemma 6.3. These results are obtained 
thinking the nonlinear problem as a perturbation of the linear problem. 

Rem.ark 2.5. Theorem 2.3 can thought as an asymptotic stability result of the 
solution. Stability is well known, see Theorem 3.1 below. 

Remark 2.6. Theorem 2.3 in the case when crd(— A + V) consists of a single 
eigenvalue can be proved following a simpler version of the argument in [CM] . 
Rem.ark 2.7. Theorem 2.3 in the case when (Tc;(— A + V) consists of a single 
eigenvalue — such that for uj = V m? — A^ we have 3a; > to is proved in [SWl] 
assuming ||(uo, ^^o)||(H2n^;j^2,i)x(H-invKi'i) small. Notice that formula (1.10) [SWl] 
contains a decay rate of dispersion of the various components of u{t). For the 
initial data in the larger class considered in Theorem 2.3, such kind of decay 
rates cannot be proved. Restricting initial data to the class in [SWl], it is 
possible to prove appropriate decay rates also for the solutions in Theorem 2.3. 
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Rem,ark 2.8. Theorem 2.3 is stated only for R'' with = 3. Versions of this 
theorem can be proved for any d. In particular, the crux of the paper, that is the 
normal form expansion in Theorem 4.9 and the discussion of the discrete modes, 
arc not affected by the spatial dimension. For d <2 the absence of the cndpoint 
Strichartz estimate can be offset with appropriate smoothing estimates. 

In view of the above remarks, we focus our attention to the case when — A+T^ 
admits eigenvalues, especially the case of many eigenvalues. 

We end this section with some notation. Given two functions /, 5 : ^ C 
we set (/,(/) = /g3 f{x)g(x)dx. For A; e R and 1 < p < 00 we denote for 
K = ^,C 

W'^'^iW', K) = {f:R^^K s.t.||/||^.,. := ||(-A + 1)^/V|U. < 00.} 

In particular we set H>'{R^,K) = W'''^iR^,K) and Lp(R^,K) = W^'P{R^,K). 
For p = 1,00 and fc S N we denote by W'''P{M.'^ , K) the functions such that 
d^f € LP{R^,K) for all \a\ < k (we recah that for 1 < p < 00 the two 
definitions of W'''^ yield the same space). For any s e M we set 

H'^'^iR^K) = {f:W'^K s.t.\\f\\Hs.>^ := ll(a;)^(-A + if/^fh. < 00}. 

In particular wc set L^'''(R'^, ) = i7°'*(R"^, X). Sometimes, to emphasize that 
these spaces refer to spatial variables, we will denote them by Wl^'^, LP, H^, 
H^'^ and L^'*. For I an interval and Yx any of these spaces, we will consider 
Banach spaces Lf{I,Yx) with mixed norm ||/||Lf •= ll!l./ll>'illLf(/)- Given 
an operator A, we will denote by Ra{z) = {A — z)^^ its resolvent. We set 
No = N U {0}. We will consider multi indexes /x e Nq . For /x e Z" with 
H = {ni,...,iin) we set = X;j=i IhI- 

3 Global well posedness and Hamiltonian struc- 
ture 

In i?^(R^,R) X L^(R^,R) endowed with the standard symplectic form, namely 
Cl{{ui,vi);{u2,V2)) ■■= (wi,t;2)i,2 - {u2,vi)l2 (3.1) 
we consider the Hamiltonian 

H = Hl + Hp (3.2) 
Hl— I hv"^ + \Vu\'' + Vu'^ +m^u'^)dx 

Hp := [ (5{u)dx. 

The corresponding Hamilton equations are v = — V„iJ, ii = VyH, where V„ff 
is the gradient with respect to the metric, explicitely defined by 

{VuH{u), h) = duH{u)h , yheH\ 
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and duH{u) is the Frechct derivative of H with respect to u. It is easy to see 
that the Hamilton equations are explicitely given by 

{y = /!^u — Vu — rin?u — (}' (u) , ii = v) <^=^ u = i^u—Vu — m^u— (}' {u) (3.3) 

First we recall that the NLKG (1.1) is globally well posed for small initial datum. 

Theorem 3.1. Assume V E L^. withp > 3/2. Then there exist Sq > and C > 
such that for any \\{uo,vo)\\h^xl^ < e < Eo equation (1-1) admits a unique 
weak solution with {u{Q),v{Q)) = {uo,vo)- This solution is globally defined and 
it is a strong solution, that is 

ueC''iR,Hl)nC\R,Ll). (3.4) 

The map {uo,vo) {u{t),v{t)) is a continuous from the ball \\{uo,vo)\\hIxli < 
Eo to C^{I,H^) X C"{I,L1) for any bounded interval I. The Hamiltonian 
H(u{t),v{t)) is constant, and 

\\{u{t),v{t))\\m^xLi < C\\{uo,vo)\\HixLi. (3.5) 
We have the equality 



u{t) 



= K'o{t)uo + Koit)vo - [ Koit-s){Vu{s)+p'{u{s)))ds. (3.6) 
Jo 

For the proof see §6.2 and 6.3 [CH]. 

We associate to any — A| an eigenvector ipj{x), real valued and normal- 
ized. We have (pj S 7J'°'*(IR^,IR) for all s and k. Set Pau = ^^'^ set 
Pc = 1 — Pd, the projector in associated to the continuous spectrum. Denote 

W = ^ Qjipj + PcU , V = "^Pjifij + PcV. (3.7) 
3 3 

We have 

Hp = J^^(3 qjfj + Pewj dx. (3.8) 
Introduce the operator 

B := Pe(-A + y + m2)V2p^ , (3.9) 
and the complex variables 

By Theorem 6.2 or Lemma 3.3 below, (3.10) this defines an isomorphism be- 
tween the phase space //^(M^^M) x L2(ir3^]^-) ^^le space pV2,o .= ^ 
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Pci?^/^'"(R-\C), which from now on will be our phase spaee. Wc wiU often 
represent functions (and maps) on the phase space as functions of the vari- 
ables ^j,^j,f,f- By this we mean that a function F{^,^, f, f) is actually the 
composition of the maps 

Correspondingly we define % = 5 (^Re - i^im ) and 5^- = ^{dne^j +i(h„i^j), 
and analogously V/ := 5(VRe/ - iVim/), V/ := 5(VRe / + iVim/)- 
In terms of these variables the Hamilton equations take the form 

6 = -i^, / = -iV^-i?. (3.11) 
The Hamiltonian vector field Xh of a function is given by 

XH{^,^fJ)= (^-1^,1— ,-iVji/,iV/i/j (3.12) 

We recall that the Poisson bracket of two functions is the Lie derivative of the 
second with respect to the Hamiltonian vector field of the first one. In these 
variables we have, formally, 

i E (f i - if ) - i v,A-> - i (v,-.-; v,.> 

(3.13) 

We emphasize that if H and K are real valued, then {H, K} is real valued. 
Later we will consider Hamiltonians for which (3.13) makes sense. 

We introduce now some further notations that we will use in the following. 

• We denote the phase spaces V'^'" = C" x PcH'''''{M.^,C) with the spectral 
decomposition associated to —A + V. 

• We will denote 

Q ■■= , J > 
Cj ■■= i-j , i < 0, 

• f := (/, /), and we will denote by * := ($, \I') a pair of functions each of 
which is in H'^'^, Vfc, s > 0. 

• Given fi = (/i_„, /ii, e N^" we denote C := Uj Cj' ■ 

• A point of the phase space will usually be denoted by ^ = (^, /). 
The form of and of Hp are respectively 

n 

HL=Y,ujj\^j\' + {f,Bf). (3.14) 
Hp{^J)^ f f3{J2^-^^'Pjix)+Uix))dx (3.15) 
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where we wrote for simplicity U = B~^{ f + /) = PcU. 

Actually we will need sometliing more from the structure of the nonlinearity. 
Consider the Taylor expansion 



i^((e,a;) = i/3«(E^^,) , ^ = 0,1,2,3 (3.16) 
F,{i, X, U) = !l k^^, + rU)dT. (3.17) 



with 



Lemma 3.2. The following holds true. 

(1) For I < 3, the functions ^ ^ Fi{^,.) are in C°°(C", //''=''*) for any k,s, 
and 

Hi{^,U)= [ Fi{^,x)U^dx 
are Hi e C°° (C" x , M) . In particular we have derivatives 
d^dfjHi [® j=i5,] =l---{l-e+l) d^Fii^, x)U'-^ {x) rr Qj {x)dx. 

(2) Fi has a of order 4 - ^ at^^O: 

(3) The map C" x x M g (^, x, Y) ^ F4,{x, ^,Y) eR is C°°; for any k > 
there exists Ck such that |9yJ4(x, ^, y)| < Cfc . Denote 

Hi{i,U)= [ Fi{x,^,U{x))U\x)dx. 

Then the map C" 9 ^ i-^ Hi{^, .) G C'^{H'^) is C°° . In paHicular 

d'^duH^[9]= I d^dY'^{^,x,U{x))g{x)dx 

where ^{^,x,Y) = F4{^,x,Y)Y'^. 

Proof. The result follows by standard computations and explicit estimates of 
the remainder, see p. 59 [Ca]. □ 

Lemma 3.3. For any {k,a,s) € M.^ we have \\B°-\\fjk.s^H''—^.' < oo. 

Proof. = Pa{x,D) + Sa with pa{x,D) a pseudo differential operator with 
\9x9yPa{x,y)\ < Ca,/3(y)"^"^' and with Sa an operator which maps tempered 
distributions into Schwartz functions, see p. 296 [Tl]. For Pa{x,D) and Sa the 
statement is true. □ 
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4 Normal form 
4.1 Lie transform 

We will iteratively eliminate from the Hamiltonian monomials simplifying the 

part linear in / and /. Wc will use canonical transformations generated by Lie 
transform, namely the time 1 flow of a suitable auxiliary Hamiltonian function. 
Consider a function % of the form 



where *^ • f := + *;^/ with *^ G H'''''{R^, C) for all k and r. where 
Xo is a homogeneous polynomial of degree Mo + 2. The Hamiltonian vector field 
satisfies X^. e C°°{'P~'^'~^,'P''''^) for any k, k,s,t> 0. Moreover we have 



Since is a smooth polynomial it is also analytic. Denote by (j/ its flow. For 
fixed K, s, (f)'' is defined in 7-'"'''"* up to any fixed time t, in a sufficiently small 
neighborhood U^'^^^^ of the origin. For V^''^ ^ p-^-s (■4 2) the flow is 
defined br < t < t in W""^^"" n 'P'''^. Set d := c/)'^ = (t)*\^^^ 

Definition 4.1. The canonical transformation (f> will be called the Lie transform 
generated by x- 

Remark 4.2. The function x extends to an analytic function on the complex- 
ification of the phase space, namely the space in which ^ is independent of ^ 
and / is independent of /. If the original function x is rtJO-l valued (as in our 
situation), then x takes real values when / is the complex conjugated of / and 
^ the complex conjugated of ^. In this case, by the very construction, the Lie 
transform generated by x leaves invariant the submanifold of the complexified 
phase space corresponding to the original real phase space. 

Lemma 4.3. Consider a functional x of the form (4.1). Assume ^fj,,'^ € H'^''^ 
for all iJL 's and for all t > and k > 0. Let (p be its Lie transform. Denote z = 
(t){z'), z = (^, /) and similarly for z' . Then there exist functions G^(2;'), Gj{z') 
with the following three properties. 

1. Gj,Gf, G C°°{U- withU-'^-^ C V'"-^ an appropriately small 
neighborhood of the origin. 

2. The transformation cf) has the following structure: 




(4.1) 



^x(-2)ll'P'='^ — Gk,s,K,T\\z 



Mo+1 

'P—K,, — S • 



(4.2) 



f 



c; + G,(z') 



(4.3) 
(4.4) 
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3. There are constants Cr,k such that 

\\z - T{z)\\^.,. < a.felCr^dCI + UWh-^.-s). (4.5) 

Furthermore there are constants Ck,s such that 

|G,(e,/)|<c.,.|Cr^«(|e| + ||/||«-..-.), (4.6) 

|G^(C,/)|<c.,.|er°+^ (4.7) 

Proof. The Hamilton equations of x have the structure 



(4.8 



with suitable polynomials Pj{^) homogenous of degree Mq + 1 and P^i^) ho- 
mogenous of degree Mq. A similar equation holds for /. By the existence and 
uniqueness theorem for differential equations the solution exists up to time 1, 
provided that the initial data are small enough. Then inequality (4.5) is an 
immediate consequence of the obvious equality 

<t){z)-z=f X^{z{s))ds . (4.9) 
Jo 

Any map (^', /') ^ can be written in the form (4.3). Prom the first of eq.(4.8), 
equation (4.4) holds with 



G4C(0),f(0)) :=-i [\>'{s,m,m)ds 
Jo 



The Gj in (4.3) and the in (4.4) are analytic by the analiticity of flow 
0*(^, /), which is a consequence of the analiticity of as a function defined in 

The proof of the next two lemmas is elementary. 

Lemma 4.4. Let K e C''{V^/'^-°,M.), k > 3 be a function fulfilling \K{z)\ < 
C \ \z\\^^ , Ml > 2. Let (j) be the lie transform generated by a function x fulfilling 
the assumptions of Lemma 4.3. Then K o £ C'=('P^/^'°,M) and {K,x} e 
C'=-i(pi/2'0,]R). FuHhermore one has 

\K{cP{z))\<C\\z\\''' (4.10) 
\K{(l){z)) - K{z)\ < C 11^11^"'+^^ (4.11) 

Lemma 4.5. Let K G C^iU'^-^), whereU-^-^ C V'^-^, with some s > 0, 
> 0. Then one has Xk e C°°(}A-^-^,V^'^). 
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4.2 Normal form 

Definition 4.6. A polynomial Z will be said to be in normal form if it has the 
structure 

Z = Zo + (4.12) 
where: Z\ is a linear combination of monomials of the form 

ee J Hx)f{x)dx , e' c' J Hx)f{x)dx (4.13) 

with indexes satisfying 

(J ■ {u - 1^) > m , u) ■ [v' - jJ) < -m , (4-14) 

and $ e H'^'^ for all k, s; Zq is independent of / and is a linear combination of 
monomials ^^^"^ satisfying 

{HL,^''t}=0 (4.15) 

□ 

Remark 4.7. Equation (4.15) is equivalent to lu ■ (fj, — v) = 0. 
Remark 4.8. By (H5) ui ■ {n — =0 implies = 

Theorem 4.9. Fix k > and s > 0. For any integer r there exist open 
neighbourhoods of the origin Ur C andU-'"-" C p-*^ and an analytic 

canonical transformation % : Ur ^ 731/2,0^ which puts the system in normal 
form up to order r + 4, namely such that 

:= ff o = + + Te^*^) (4.16) 

where: 

fi) ZM is a polynomial of degree r + 3 which is in normal form; furthermore, 
when we expand 

z^i^ /) = E ^''^"^ / ^''-/'^^ + E ^"'^^^ / ^''-/'^^ (4-17) 

we have, for (3\^\ := /J'^l'^l' (0), if^^ = fj^ o-nd similarly w'^ = , 



^,0 = — r/3|Ml+i + ^''O (4.18) 



2-^ B-H^i^X x) 
^^""^^^^ 

where $^0 = 3'^o(to,/34, •••,/3|^|) apiecewise smooth function ofm which 

is C°° in the other arguments. 

(ii) the transformation 7^ has the structure (4.3), (4.4), has the property that 
1 — % extends to an analytic map fromU-^-^ toV^/'^'°, and fulfills the 
inequality 

\\z-Tr{z)\\.p,,^ <C\\zf^.,,.^ ; (4.19) 
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(Hi) we have TZ^^^ = J2d=o'^'d^ ^^'^ following properties 

(ivi.l) For d = Q, TZ^q^ € C°°(^Y-'='-^ffi)/ 
(iii.2) for d= 1, ...,3, TZ^J^ has the structure 

- / Fl{x,z)[U{x)Ydx , (4.20) 



where U = B-^''^{f + f); e C°°(W-'=-^ if and for d = 1,2,3 
satisfies 

\m;z)\u,s<c\\zff.i-. ; (4.21) 

(Hi. 3) for d = A we have 

= I Fi{x,rr{z))[U{x)tdx , (4.22) 

where F/^{x, z) ~ Fi{x, ^, U) is the function in Lemma 3.2; 
(m.4) we have, for Vf = (V/, Vj) and for U'"'^ = H'''^ x 

l4''(C,0)| + ||Vf<)(e,0)|j„.,. <C||eir+' (4.23) 
\\vM'\^,0)\\u>^..<CUr+'. 

4.3 The Homological Equation 

Let K{^, ^, f, f) be a homogeneous polynomial of degree Mi having the form 

K= ^M.^rr + E / (4.24) 

|,t| + |i/|=Mi |/n'| + |i/'|=Mi-l 



|M"| + k"|=Mi-l 



with functions <i>^v', ij."v" € ij'^'* for all k, s > 0, then a key step in the proof 
of theorem 4.9 consists in solving the so called Homological equation, 

{Hl,x} + Z = K, (4.25) 

namely in determining two functions x Z such that Z is in normal form and 
(4.25) holds. First we define Z to be the expression obtained by considering the 
r.h.s. of (4.24) and restricting the sum to the indexes such that 

uj ■ (ij,- u) = , ui ■ {v' - iJ) > m , uj- in" - v") > m , (4.26) 

which satisfy the normal form condition. 

Then, in order to come to the construction of x, define the homological 
operator £ acting on polynomials, by 

£x:={Hl,x} (4.27) 

To start with we consider the restriction of £ to polynomials independent 
of /, /. One has the following lemma. 
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Lemma 4.10. Each monomial ^^^"^ is an eigenvector of the operator £; the 

corresponding eigenvalue is i(u> ■ {u — /z)). 

Proof. Indeed 



where we used 



□ 

Recall that is not normal form exactly when uj ■ {y — fi) ^ Q. Turning 
to polynomials linear in /, / we have the following formulas 

/ $/) = -iC'r j{oJ-{ti-v)+ B)^f , (4.28) 

J */) = -i^'^r J{uJ-{f^-u)- B)^f , (4.29) 

obtained by a simple variant of the previous lemma and by the fact that B is 
symmetric. 

Recall that, if the monomial is not in normal form then the resolvent 

i?^, := (w (/i-z/)-B)-i (4.30) 

is well defined. Thus it is easy to obtain tlic following key lemma. 

Lemma 4.11. Let K be a polynomial of the form (4.24); define Z as above and 
X by 

^■■=12 ^Z'-i^) ^'^'^^^^'^'^'^ //^..*..-i?"f / fR,.'^',.) , (4.31) 

where the indexes in the sum are such that 

w • (^ - I/) ^ , u ■ {u' - n') > m , u- {iJ," - y") > m . (4.32) 

Then the following equation holds 

{Hl,x} + Z = K. (4.33) 

Furthermore, if K^^ = K^n and = also the coefficients in (4.31) 

satisfy this property. 
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4.4 Proof of Theorem 4.9 

Proof of Theorem 4.9. By Lemma (3.2), H satisfies assumptions and con- 
clusions of Theorem 4.9 with r = 0, Tq ee 1, 7^(o) := Hp, Z(o) = 0. 
Assume now that the theorem is true for r, we prove it for r + 1. 

(r) (r) 

Consider tlic Taylor expansion of 7?.q and 7Vi in / up to order 1. Further 
expand such quantities in Taylor series in ^ keeping only the main term. One 
thus gets 



\lJ.\ + H=r+4 
|^| + |i/|=r+3 



(4.34) 



KV^{^)f + <Wf dx (4.35) 



s2(r) 



(4.36) 



'^\'-;2{x)f + ^Zl{x)f\dx (4.37) 

(4.38) 



where ^^■'2 e H'''^ and where T^^ e C°° (?:>-'=-«) satisfy 



7e«(^)|<c 

Thus the quantity 



ii^r+'+ii^i 



r+4 



kllp-^.- 



Kr+i ■- (4.34) + (4.35) + (4.37) 



. (4.39) 



(4.40) 



has the structure (4.24) so we can apply Lemma 4.11. Let Xr+i) -^r+i be the 
solutions of the homological equation 

{Hl, Xr+l} + Zr+l = Kr+l , 



and let (fyp+i be the Lie transform generated by Xr+i- Let Ur+i, * be such 

that (t>r+i{Ur+i) C Ur and 0^+1 (W^+i"^) C U''"'-'. 

Denote ($, /) = 0,+i(C', /'), then / = + ^^^^'^ G^;:+'\z'), with 0^:+^) 
described by Lemma 4.3. Denote 



Recall that 

||Gc/(^)|Ih^,3 <c||^||;tl_. . 

We will now prove that 

Jj{r+1) ._ jj{r) o ^^^^ =Ho{TrO ^^+1) = Ho Tr+i 



(4.41) 
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has the desired structure. Write 





Ho + Z^^^ + 


Zr+1 


(4.42) 


+ 






(4.43) 


+ 


Kr+l O (l>r+l 


— Kr+l 


(4.44) 


+ 


Hl o 0r+i - 


{HL+{Xr+i;HL}) 


(4.45) 


+ 


('^02'' + T^l"! 


) 4'r+l 


(4.46) 


+ 


TZ^^ ^r+i 




(4.47) 


+ 


7^.3''^ 




(4.48) 


+ 






(4.49) 


:= ZM+Z^+i. 









We begin by studying (4.47) and (4.48). For d = 2,3, one has 

(n'^;^ o </,,+i) {z) = [ Fl{x, <t>r+i{z))[U + Gu {z)Y (4.50) 

= T.(i) [ FS{x,4>r+i{z))[Gu{z)r-nU{x)y =:J2H'ij ■ (4-51) 

Each of the functions Hdj has the structure (iii.l-iii.2). Condition (iii.4) is an 
immediate consequence of (4.41) and of (4.21). 
Consider now 

{n'{^ o <l>r+i){z) = [ F^{x,%.+i{z))[U + Gu{z)]^ 

= E(rf) / F,{x,^r+imGu{zt-'[u{x)r 

Then each term with d < '3 can be absorbed in T?,^'^^' because they satisfy the 
desired inequahties. For d = 4 we get (iii.3). 

Consider now (4.46). Since n'f^^ € C°°{Ur'''^"), since smoothness is pre- 
served under composition with (pr+i (restricting the domain), this is a term 
which can be included in TI.q^~^^\ The vanishing properties (4.23) are guaran- 
teed by (4.39). 

Since Kr+i € C°°iU-'''-'), the term (4.44) can be included in 7^^,''+^^ The 
vanishing properties (4.23) arc guaranteed by (4.11). The term (4.43) can be 
treated exactly in the same way. 

It remains to study (4.43). To this end, write 



Hl o <j>r+i - {Hl + {Xr+i, Hl}) = j ° 4>l+i) dt 

(4 
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which shows that such a term is in C°° {U~_^_i~^), and also allows to verify that 
the vanishing properties (4.23) hold. 

We come to the proof of equation (4.18). Consider with \^\ = r + 3. 
Then 

m!$^o = afV/irM(o) = d^VfH^'''>\o). 

We have 

d^WfH^'-^o) = d^VfH(°^{o) + d^Vf oTr- ir(o)] (o) = 

2^^(r+4)(o) B-iy)(x) ^ Q^y^ ^jjiO) o _ ^(0)j (q) (4.53) 

where the first term in the right hand side is obtained by Lemma 3.2. So we 

need to show that the last term in (4.53) is like the reminder in (4.18). First 
of all notice that if we consider the embedding If. : P'''° 7^5 -O for A: > 1/2 
with Ikiz) = z, we have d^VfH^'-^O) = a^V/[i?('') o 7fc](0) for any /j,. In other 
words, it is enough that we prove our formula restricting the Hamiltonians on 
V'''° for k large. Actually we prove that d'''+^ [H^°'> 0%.- H^"'>] (0) is a smooth 
function of (m,/34, ...,/3r+3), where Pi := /3('^(0). We can apply the chain rule 
and obtain the standard formula 

d-+4(F(0) o T,)(0) = E„ c«(dl«lFW)(0) (®,";t(rf^T,(0))«^ ) (4.54) 

with jccj = r + 4 and Cq appropriate universal constants. Insert the 

decomposition %. = 1 + %. into (4.54). Then (i''+4(i?(o) oT^)(0) = d''+^iJ"(o) +£ 
where £ is a sum of terms of the form 

c„(dl«lfl"(o))(0) ( n®"" (g)J±^ (d^'7;(0))«^) (4.55) 

with at least one Oj > and for some ao > 0. By d^%.{0) =0 for < j < 2 
wc have ai = a2 = and so aj = (ij > for some j > 3. Hence the terms 
in (4.55) are such that \a\ < r + 4. (d-'\H"(°))(0) for j < r + 4 is a smooth 
function of (to, fS^, Pr+s)- Indeed, if we reverse the change of variables (3.10), 
d^H^^\0) = 13 j for all j. By induction it is elementary to show that %{z) = 
%.{z,m, p4, ...,pr+3) is a smooth function of all its arguments. Indeed Tq = 0, 
%■ depends on the vector field Kj. which in turn is a smooth function of 

a^V^i?(''-^)(0) with + j = r + 3 and j < 1. (4.56) 

By induction, (4.56) is a smooth function of {m, Pi, Pr+s)- Hence we have 
also proved property (i) of Theorem 4.9. □ 

5 Dynamics of the normal form 

Before proceeding with the proof of Theorem 2.3 we give a qualitative descrip- 
tion of the behavior of the normalized system and we discuss the nondegeneracy 
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assumption. This type of argument appeared for the first time in [Si]. In the 
sequel we assume that the time t is positive. This is by no means restrictive. 
We will show later that TZ^^^ for r > 2N does not modiiy the dynamics. So we 
neglect TZ^'^^ and consider the Hamiltonian of the normal form 

Hr^f := HoiCf) + ZoiO + ZiiCf) , (5.1) 

with Zq and Zi as in Definition 4.6, where 

Ziii, ^ f, I) ■•= {G, f) + {Gj) , (5.2) 

G':=^rr$^. , G = Ji^^|^, (5.3) 

€ i?^'* for all k, s and where the indexes fx, v fulfill the relations 

2 < ImI + < r + 4 , ui-{fi-u) <-m . (5.4) 
The Hamilton equations of this system are given by 

/ = ^z{Bf + G), (5.5) 



Wc prove later that / is asymptotically free. However wc need to examine more 
in detail / in order to extract its main contribution to the equations of the ^k- 
With this in mind we decouple further the dynamics of the discrete modes and 
the continuous ones. This cannot be done by the previous procedure, since by 
the resonance between continuous and discrete spectrum the Hamiltonian is not 
well defined in terms of the new decoupled variables. So, we work at the level 
of vector fields and look for a function Y = Y{i, ^) such that the new variable 

g:=f + Y (5.7) 

is decoupled up to higher order terms from the discrete variables. Substituting 
in the equation (5.5) one gets 



9 = -iBg -ilG 



fe 



r^+h.o.t. (5.i 



where h.o.t. denotes terms which are at least linear in f and of sufficiently high 
degree in ( (in a sense explained later). Thus we want to determine Y in such 
a way that the curly bracket vanishes. Write 

Y:= (5.9) 

2<l/i| + kl<r-+4 
aJ-(^— i/)>m 

Then, the vanishing of the curly brackets in (5.8) is equivalent to 

{B-u-in- v))Y^, = (5.10) 
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Since w ■ {fi — u) G a-{B) we have to regularize the resolvent. We set 

R^^:= lim^iB - {/I - u) ■ u T iey^ ■ (5.11) 
Now, in the sequel it is important that t >0. Then we define 



^A"- = Rj.i.'^'^t^ and Yf,^ = = R^^<P^^ . (5.12) 

We prove now that with this choice one has Y^u € L^'~* for all s > 1/2 and 
thus the same holds for g. 

Lemma 5.1. For $ e H'^'^ for s > 1/2 and X > m, then i?^(A)$ are well 
defined and belong to L?'^ . 

Proof. The argument is standard, we recall it here for the sake of completness. 
We first claim that if we set = (B + A)$ then ^ G L"^'" . Let us assume this 
claim. Then Y = R+{\)^ = (^2)^- with P = - (the proof for 

i?g(A)$ is similar). The potentials V{x) satisfying (HI) are Agmon potentials, 
so i?+^^^^(fc2)* is well defined and in L"^'', sec Theorem XIII.33 [RS]. Now 
we need to show that \1/ g L^'*. It is enough to show that for $ e H^'" we have 
B$ e L"^'^. We consider Kato square root formula, see p. 282 [K2], which for 
B is an easy consequence of the Spectral Theorem, 

/■OO 

B$ = 7r-W r-5(s2 +r)-iB2^rfr. (5.13) 



Wc have = (-A + V{x))Pc^{x) e L^'". On the other hand, the integral 
kernel (B^ + T)^^{x,y) satisfies for some fixed C > and 5 > 



„-b\/T+m'-'\x-y\ 

\{B^+Tr\x,y)\<C — , (5.14) 

see Lemma 3.4.3 [D]. Then B$(x) = J^-, K{x,y){B'^^){y)dy with 

By (5.15) we obtain that Tg{x,y) := {x)" {y)~^\K(x,y)\ is for any s the kernel 
of an operator bounded in L^. Indeed the Young inequality holds: 

sup||Ts(x,2/)||ii +sup||rs(x,2/)||ii < Cs < OO, 

X V 

see (1.33) [Y]. □ 
We substitute (5.7) in the equations for ^, namely (5.6). Then we get 

4 = -...i.-ig.i(||,.)..(|,v-) (...) 

dG \ ./dG_\ 



18 



Wc will show in the next section that g is negligible. So we neglect the last line. 
We show that what is left in (5.16) is generically a dissipative system. A simple 
explicit computation shows that the system (5.16) has the form 

ik^-^LOkik-i^ (5.18) 



+iE;..^v' "^ t^feW^' + (5.19) 



— if MfeW-^' (5-20) 

where the pairs of indexes {n,^) and {v' satisfy (5.4). In (5.19) 

Wv := ($^.,i?+v-^.v') . (5.21) 

We further simplify by extracting the main terms. In (5.19) all the terms which 
do not satisfy ^ = u' = are negligible, see (7.28), Appendix B,(B.4). In 

particular, for any of them there is in (5.19) a term such that /i = = which 
is, clearly, larger. All the terms in (5.20) are negligible, see (7.28), Appendix 
B,(B.5). 

We simplify our expression neglecting all terms deemed negligible. We write 

= -iwfe^fe - + i (5.22) 

We set No = N U {0} and we consider 

M:={neN^ : ii ■ uj > m , 2 < < r + 4} . (5.23) 

We apply once more normal form theory in order to further simplify the system 
(5.22): the change of variables 

%=Ci+ E i^.(;!-.) ^"^-^°-^° (5.24) 



reduces (5. 18)- (5. 19) to a perturbation of the system 

% = Sfe(ry,77) := -iWfeTyfe - i—-^ +i V ^—iykCouij,o- (5.25) 

u;.(ju— 1')=0 

Since Hql = J2k \Vk\^ is a conserved quantity for the system in which the last 
term of (5.25) is neglected it is natural to compute the Lie derivative XsHql = 

We compute £sHql using Plemelji formula = PV^ ± m6{x), from 
which one has R^q = PV{B — to ■ ^)~^ ± md{B — a; • /x) (where the distributions 
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in B are defined by means of the distorted Fourier transform associated to 
-A + V). Define 

A:= (J {u-fj,} (5.26) 
Mx:={iiGM : w • ;u = A} for A e A (5.27) 

Lemma 5.2. T/ie following formula holds 

£sHoL = - ^ A(Fa; BxFx) (5.29) 
AeA 

Moreover, the right hand side is semidefinite negative. 
Proof We have by (5.24) and (5.21) 

£sHoL = - Im J2f^eM, u^m oj ■ wq^^f)" {^q^, {B - u ■ fi - iO)~i$o/.) 

u}-{fj.—i/)=0 

= - Eaga [(-P^A, [B-X- iOr'Fx)] . 

Plemelji formula yields (5.29). For ^x = {B + X)Fx we have for fc^ = A^ - 

(Fa, (B-X- iOy'Fx) = {Fx, Rt^+y{k^)^x). 

The latter is well defined, as seen above in Lemma 5.1. By Proposition 2.2 oh. 
9 [T2] or by Lemma 7 ch. XIII [RS], 

Im [{Fx, iit A+y (fc')*A)] = tt{Fx, 6{-A + V - k-')^x) = 

where by w we mean the distorted Fourier transform of w associated to — A + V, 
see Appendix A.l, ch. 9 [T2] or section XI.6 [RS]. □ 

5.1 The nondegeneracy assumption 

The nondegeneracy assumption we mentioned in the introduction pertains the 
r.h.s. of (5.29): it is required in order to make possible the use of (5.29) for 
ensuring a decay rate of the different r] variables. Specifically, we assume 

(H7) There exists a positive constant C and a sufficiently small i5o > such 
that such that for all |r?| < 

^ X{Fx; BxFx) > C ^ \rj^f . (5.30) 
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Notice that M and A depend on r. Set now 

M = {fiGM : Vj < j and Ut^ii^u^M] (5.31) 
^■■=y^y.eM{^■^A (5.32) 
Ma := |m S M : w • /i = a| for A e A. 

It is easy to show that (H7) is equivalent to: 
(H7') For any A G A the following matrix is invertible: 

{($^o,SAVo)}^,^,eM.- (5-33) 

Remark 5.3. The set A depends on m; M\ is piecewise constant in m. 

In the case where j ^ I implies — A| ^ —Xf (this can be easily arranged 

picking V{x) generic, by elementary methods in perturbation theory), the as- 
sumption (H7) can be further simplified. Indeed (H5) implies that for any A € A 
there exists a unique ^ e M\. Then (H7') reduces to 

(H7") For any ^ e M one has 7^ := (l-^o, S^ ^^mo) 7^ 0. 
We are now ready to give the proof of Proposition 2.2. 

Proof of Proposition 2.2. We use equation (4.18) in order to compute the 
quantities (5.33) as functions of m and of the Taylor coefficients pi of (3. Set 



c = Cu = 



2" 



and := B-'^/'^ip''. Then, (4.18) implies 



7^(m,/J4,...,/3|^l+i) 
= 7^(m, /?4, , 0) + 2c/3|^|+i Re($^,o(m, /?4, f3\^\ , 0), Bo,-^*^) (5.34) 

We conclude that either (5.34) is independent of (3\^\+i or there exists at most 
1 value of for any choice of (m,/34, ...,/3|ju|) such that (5.34) vanishes. We 

show now that, except for at most a finite number of values of m in any compact 
interval, (5.34) depends on We have, see the proof of (5.29), 

(*^,S„.^M/^) = -l- / l^iOfdaiO (5.35) 

J-OTT J|€|=^(w./n)2-m2 

where we are using the distorted Fourier transform associated to —A + V. Since 

the fjix) are smooth functions decaying like e"!^!!'''^! with all their derivatives, 
and V{x) is chosen exponentially decreasing as well, by Paley Wiener theory 
applied to the distorted Fourier transform associated to —A + V, the functions 
(/j^(^) arc analytic, see Remark A.l. If the set where (/?''(C) = does not contain 
any sphere then the proof is completed. If </''^(0 = on a sphere, say |^| = ao, 
then, by analyticity, f^i^) does not vanish identically on nearby spheres. We 
eliminate values of m such that u}{m) ■ fj, = ao- Since u{m) • is a nontrivial 
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analytic function this can be obtained by removing at most a finite number of 
values of m. Repeating the operation for all /x G M (a finite set) one gets that, 
apart from a finite set of values of m, the quantity in (5.35) is different from 
0. Thus removing at most one value of for each /j. e M, one gets 7^ > 

V^i e M. □ 

Remark 5.4. (5.35) with /x = 3 and ker(— A + A^) = spanji^} is the condition 
necessary in the special case in [SWl]. If (p^{^) = 'P^{\^\), then the fact that 
(5.35) is nonzero reduces to y^(\/9a;^ — m?) ^ 0, which is the condition written 
in (1.8) [SWl]. 



6 Review of linear theory 

We collect here some well known facts needed in the paper. First of all, for 
our purposes the following Strichartz estimates for the flat equation will be 
sufficient, see [DF]: 

Lemma 6.1. There is a fixed C such that for any admissible pair {r,p), see 
(2.2 ), we have 

\\K'o{t)uo + KQ{t)v4 i-i+i, <C||(wo,t^o)||HixL=- (6.1) 
Furthermore, for any other admissible pair (a, b), 

II / K^{t-s)F{s)ds\\ i_i+i„<q|i^|| + (6.2) 

where given any p G [1, 00] we set p' = ^^^y- 

We next consider the linearization of (1.1). Notice that under (HI) for any 
A; e N U {0} and p G [l,oo] the functionals {■,(pj) are bounded in W^'^. Let 
W^^'P, Hj: if p = 2, be the intersection of their kernels in W'''^. We recall the 

following result by [Y] 

Theorem 6.2. Assume: (H2); \d'^V{x)\ < Cix)-" for \a\ < k, for fixed C and 
C7 > 5. Consider the strong limits 

W±= lim e"(-^+^)e'*^, Z± = lim e-'*^e"(^-^)Pc. (6.3) 

Then W± : H'^ are isomorphic isom,etries which extend into isomor- 

phisms W± : W'^'P W^'P for all p £ [1, 00]. Their inverses are Z±. For any 
B Orel function f{t) we have, for a fixed choice of signs, 

/(-A + V)P, = W±/(-A)Z± , /(-A)P, = Z±/(-A + V)P,W±. (6.4) 

By the fact that for admissible pairs (r,p) the function ^ — ^ + ^ < 2 and 

^ — i + l< |, by Theorem 6.2 we have the following transposition of Lemma 
6.1 to our non flat case: 
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Lemma 6.3. Set K{t) = sm{tB)/B. Then, if we assume (HI) (H2) there is a 
fixed constant Co such that for any two admissible pairs (r, p) and (a, b) we have 

\\K'{t)uo + K{t)vo\\ + <Co||K,t^o)||//ixL=- (6.5) 

and 

K{t-s)F{s)ds\\ i_i+i„<Co||F|| + (6.6) 

Notice that Lemma 6.3 is equivalent to the following: 

Lemma 6.4. Under the hypotheses of Lemma 6.3 there is a fixed constant Co 
such that for any two admissible pairs {r,p) and {a,b) we have 

||e-'*^PcMo|| < CoIIwoIIls 

r rMfr P r- 2 



eH-*)^PeF(s)ci5|| < Co\\F\\ (6.7) 

S<t ifW/ J^t 

Sketches of proofs of Lemmas 6.5 and 6.6 are at the end. 

Lemma 6.5. Assume (H1)-(H2) and consider m < a < b < 00. Then for any 
7 > 9/2 there is a constant C = (7(7) such that we have 

||e"'^*i?s(;u + iO)g\\^2.-y < C {t)~ ^\g\\ ^2,y for any p. e [a, b] and t e K. (6.8) 

Lemma 6.6. Assume (H1)-(H2). Then for any s> 1 there is a fixed Cq = Co{s) 
such that for any admissible pair (r, p) we have 



/*e'(*'-*)^PeF(f')rft' 
Jo 



i.L.i,<Co\\F\\^.^2,. (6.9) 



7 Nonlinear estimates 

Wc apply Theorem 4.9 for r = 2N (recall N = Ni where NjUj < m < {Nj + 
Any r > 2N is also ok. We will show: 

Theorem 7.1. There is a fixed C > such that for Eq > sufficiently small 
and for e G {0,so) we have 

ll/ll^^^jj ^i/p-i/t-,pj — Z^'' admissible pairs {r,p) (7.1) 
II^''IIl2(m) ^ C'e for all multi indexes p. with u ■ p> m (7.2) 
IICj|lw/'~(R) ^ i e {1, . . . , n} . (7.3) 

Theorem 7.1 implies (2.3). The existence of {u±,v±) is instead a consequence 
of Lemma 7.8 below. 

Remark 7.2. By (3.5) one has |^|i,~(m) + ||/|| i ^ Also (7.3) is easy 

by (3.5) and (3.11), so it will be assumed. 
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Rem,ark 7.3. It is not restrictive to prove Theorem 7.1 with R replaced by [0, oo), 
so in the sequel we will consider t>Q only. 

Remark 7.4. We have for any bounded interval I 

f e mi, W^^P-^/'^'P) for all admissible pairs {r,p) . (7.4) 

This can be seen as follows, u G L^{R,H];.), implies u"^ G L^(IR, L^) and 
< \\u\\le < \\u\\%i. By Lemma 6.3 and (3.6), this implies u € 

L\{I, Wx^^~^^^~^^^^'^) over any bounded interval I for any admissible pair {r,p). 
Then, the estimate (4.19) implies that the property persists also after the nor- 
malizing transformation. 

We prove Theorem 7.1 by means of a standard continuation argument, 
spelled out for example in formulas (2.6) (2.8) [So]. We know that |l/(0)|j^i/2 + 
|C(0)l < cqc. We can consider a fixed constant C3 valid simultaneously for Lem- 
mas 6.4-6.6. Suppose that the following estimates hold 

||/||j;^^([o ,p] ^;j^i/p-i/r-,P) < Ci 6 for all admissible pairs {r,p) (7.5) 
II^''IIl|([o,t]) ^ (^2^ for all multi indexes fj, with w ■ fi> m (7.6) 

for fixed large multiples C\, C2 of C0C3. Then we will prove that, for e suSiciently 
small, (7.5) and (7.6) imply the same estimate but with Ci, C2 replaced by Ci/2, 
C2/2. Then (7.5) and (7.6) hold with [0,T] replaced by [0,oo). 

7.1 Estimate of the continuous variable / 

Consider il^'^) =Hl + Z^"-^ + . We set Z = Z^'^) and 11 = Tl^'-l Then we 
have 



if-Bf = Vf-Z, + VfU (7.7) 

Lemma 7.5. Assume (7.5), and (7.6), and fix any s > 0. Then there exists 
a constant C = C{Ci,C2) independent of e such that the following is true: we 
have V fTZ = Ri + R2 with 

\\Ri\\ 1 +||i?2|| 1, < C(Ci,C72)e2. (7.8) 

Proof. Recall (iii) Theorem 4.9. For < 1 we have VfTZd S H^'^ for arbitrary 
fixed s. By (4.23) 

||v^-7^o||^i,. + ||VJ7^l||^l,.<c|er+=^ 

By (7.6) and Remark (7.2) we get 



\y^-ino+Tl,)\\ . < ll^ll^+V.lieil^i^ < C,C^^h^+'. (7.9) 
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By (iii.2)-(iii.3), the remaining terms we need to bound are of the form 

^B-i V) + B-i ($(x)(B-5/)2^ ^ B-i{B-iff. (7.10) 

for some generic continuous and rapidly decreasing at infinity. By Lemma 
3.3, Schwartz inequality, Lemma 3.3, (7.6) and Remark 7.2 



< 



(7.11) 



Similarly, by Lemma 3.3, by Holder and Sobolev inequalities, by Theorem 6.2 
and by (7.6) 



\\B-i[Hx){B-ifr)\\^^^^<\\B-if\ll.^^, 



< 



(7.12) 



< 



-1/3,6 



Similarly, by Lemma 3.3, by Holder and Sobolev inequalities, by Theorem 6.2 
and by Remark 7.2 



\B-HB-im . < KB-'^mU.^. < \\B-ifh^i^.jB-'^f\\l. 



< 



-1/3,1 



Collecting (7.9)-(7.13) the result follows. 
Remark 7.6. By 

iV|7ei<ie+'+ie+'iiB-i/ii^.,-. 

and the same method one can easily prove 

<CC7i(C2+Ci+CiV- 

r 1 



One also has the easier estimate 



II / e'^(^-*)V/Zi|| <Co||V/Zi|| i + i6<CCoC72e. 

The important fact is that (7.16) is independent of C\. 

It is now easy to use Duhamel formula to get the following 



(7.13) 



□ 



(7.14) 



(7.15) 



(7.16) 
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Proposition 7.7. Assume (7.5) and (7.6). Then there exist constants C = 
C(Ci, C2), i^i, with Ki independent o/Ci, such that, if C{Ci,C2)e < Co, with 
Co the constant in Lemma 6.4, then we have 

II-^IIl''([o T] vK^/''"^/''''') — -^1^ /'^'^ admissible pairs {r,p) . (7-17) 
Proof. Write 

/ = e-'^*/(0) - i / e'^'^'-^^VfZds - i / e'^^'-*^V f-Uds. (7.18) 
Jo Jo 

The first term at r.h.s. is estimated using (6.7). Consider now the last term at 
r.h.s.; it is the sum of 



f e'^'^'-^^ Ri{s)ds , i = l,2 
Jo 



The term with i = 1 is estimated using the second of (6.7) with a = 00, 6 = 2 
and thus a' = 1,6' = 2, while the term with z = 2 is estimated using (6.9). The 
term containing Z is estimated in the same way. □ 
We end this subsection by proving asymptotic flatness of / if the bound 
(7.17) holds. This implies the existence of the {u±,v±) and their properties in 
Theorem 2.3. 

1 

Lemma 7.8. Assume (7.17). Then there exists /+ G Hi such that 

lim ||/(0-e-^V+|| 1 =0. (7.19) 

Proof. We have 

e"^/(t)=/(0)-i^ e-^V/7^c^s 

and so for < t2 

e'*'^f{t2) - e'*^^/(<i) = -I r e'*'^V/7^c^^'. 

Jti 

By Lemmas 6.4, 6.6 and 7.5 we get: 



||e'*^^/(t2) -e'*^^/(tOIL i = II ^e"'^V/7^d^'|| 1 

Hx Jti 



(7.20) 

< ||Vf7^|| I3 1 ^ for ti ^ 00 and < 

Then /+ = limt^oo e''^/(i) satisfies the desired properties. □ 
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7.2 Estimate of g 

Before estimating the discrete degrees of freedom we need an estimate for the g 
defined in (5.7) with Y given by (5.9), (5.12). Then, if /, ^ fulfin the Hamilton 
equations of (4.16), g satisfies 

ig- Bg = Vfn + 

Ek [d^.Yd^, (z + n)^ {z + n)] (7.21) 

Remark 7.9. We do not substitute g in place of / in the r.h.s., but we keep the 
original variable f. In this way we reuse (7.8) and we can use (7.5). We also 
avoid the trouble of having to estimate nonlinearities in terms of Y. 

We have: 

Lemma 7.10. For e sufficiently small and for Co the constant in Lemma 6.4, 
we have 

\\9\\L^,H-^.-s<Coe + 0{e^). (7.22) 
Proof. We can apply Duhamel formula and write 

g{t) = e-'^*5(0) - i [ e'^(*'-*) [Wf-n + (7.21)]di'. (7.23) 
Jo 

First of all we prove ||e"'^*5(0)||^2^-4,-, < Cqc + 0{e'^). To this end recall 

that g{0) = /(O) + y(0). By Schwartz and the Strichartz inequalities in Lemma 
6.4 ,we have 

l|e-'^*/(0)IL.^-.,-3 < ||e-'^V(0)IU,^ -i,e < Coe 
The estimate of ||e-'^*y(0)L2„-4,-. follows from 

t 

iie-'^*e''(o)r(o)i?+ $.^1^.^-4,-3 < \e{o)r{o)m^jLi^ < ei'^+'-i, 

which in turn follows from Lemma 6.5. The contribution to the retarded terms 
in (7.23) from VjT?. are easily shown to be O(e^) using (7.8). (7.21) contributes 
various terms to (7.23), we consider the main ones (for the others the argument 
is simpler). Consider in particular contributions from Zq. For Hj ^ we have 
by Lemma 6.5 

We need to show 

\\i^a-^^Zohl=0{e^). (7.24) 
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By (5.4) and (5.12) we have 

u> ■ {H - u) > m. (7-25) 

Let ^"^^ be a generic monomial of Zq. The nontrivial case is /3j ^ 0. Then 
{^°'^^) = (3j^^. By Definition 4.6 we have a; • (a - /?) = 0, and by Remark 
4.8, \a\ = \p\ > 2. Thus in particular one has 

u) ■ a> Wj => CO ■ {n + a) — Wj > m . (7.26) 

So the following holds 

< < C2Cel^l+l^l < CC2e' (7.27) 

This completes the proof of Lemma 7.10. □ 

7.3 Estimate of the discrete veiriables ^ 

We now conclude the estimates by estimating the various remainders in the 
equation for the rj variables. More precisely in the equations for the time deriva- 
tive of HoL = Y^j ^Mj?- 

So, we consider the complete equations for the variable as deduced from 
the Hamiltonian (4.16); they are a perturbation of (5.6). In the terms contained 
in (5.6) we insert the variable g as defined in (5.7) (and estimated by (7.22)). 
Thus we get a perturbation of (5.16), (5.17). Then, we split the terms (5.19) 
into a dominant part and a remainder (according to the discussion of section 
5). Then we introduce the variables rj according to (5.24). In order to write the 
equation for such variables, introduce the notation 

A,(0 := E (7.28) 



8 A 

Afj coincides with the last term in (5.25), namely the part in normal form coming 
from the interaction between discrete and continuous spectrum. Then we get 

dZ 

Vj = -iiOj^ij - i^ iv) + i^j (ri) + £j (7.29) 
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where, for the G in the first two lines defined in (5.2), 



k 



■ d^_JdG_ A_./dG - 



(7.30) 



' dG 

-'\Wk' 



. I dG \ .dn ^ ■ 



+ 



Equation (7.29) is a perturbation, through £, of equation (5.25). The estimate 
we need for £ is given by the foUowing lemma 

Lemma 7.11. Provided e is small enough, the following estimate holds 

Y^HSjWlI < CC^e' (7.31) 



As we will see the important fact is that the right hand side is only linear in 
C2. The somewhat technical proof of this lemma is postponed to Appendix B. 

7.4 End of the proof 

We can now easily conclude the proof. Using the notations of section 5, we have 
that along the solutions of the system (7.29) the following equation holds 



dHpi 
dt 



(7.32) 



AGA j 

Integrating and reorganizing the terms one has 



HoL{t)+y2 I {Fx;BxFx){s)ds = HoL{0)+ [ y2ojj{T]j£j+fjj£j){s)ds (7.33) 

1 Jo Jo A 



Prom which, using assumption (H5) we immediately get 



which clearly implies 



V r mdt<{G + CG2)e' 
E f \e\dt<{C + CC2)e^ 



(7.34) 



(7.35) 



We have thus proved the following final step of the proof: 



29 



Theorem 7.12. The inequalities (7.5) and (7.6) imply 

WfWj^r^^Q T] w^^^-^'''-") - ^ii^2)e for all admissible pairs {r,p) (7.36) 

ll^''llLf([o,T]) ^ C\fCi^ for all multi indexes fi with oj ■ n> m (7.37) 

Thus, provided that C2/2 > Cy/C^ and Ci/2 > Xi(C2), we see that (7.5)- 
(7.6) imply the same estimates but with Ci, C2 replaced by Ci/2, C2/2. Then 
(7.5) and (7.6) hold with [0,r] replaced by [0,oo). This yields Theorem 7.1. 

A Proofs of Lemmas 6.5 and 6.6 

A.l Proof of Lemma 6.5 

By a simple argument as in p. 24 [SWl] which uses Theorem 6.2, it is enough to 
prove bounds 

||x(S)e-'^*i?B(M + iO)5lLj-= < C{t)-Hg\\^.„. (A.l) 
with X e C^{{m, oo), M) with x = 1 in [a, h]. We have 

(ar)-^x(S)e-i^*i?+(M)(y)-^ = 
e-''**(a;)-T /+°° e-''(^-''-^'^)'x{B)ds{y)-'i . (A.2) 

Using the distorted plane waves u{x, ^) associated to the continuous spectrum 
of — A + V, we can write 

(a;)-Tx(5)e-'(-^-^-'")''(y)-T = 

We have u{x, ^) = e'^'^ + e^^'^w{x, ^), with w{x, ^) the unique solution in L^'~*, 
s > 1/2, of the integral equation 

r pAi\\v-x\ 

w{x,0 = -F{x,^)- w{y,OV{y)— re^^-^'^^dy, (A.4) 

Jrs 47r|t/ - a;| 

with 

F{x,0= V{y)— -e^y-^y^dy. (A.5) 

Jr3 ^iT\y-x\ 

It is elementary to show that for ^ in the support of x(\/^^ + ™^) and for 
|/?| < 3 then |9"9^F(a;, ^)| < c„/3(a;)l''l . Using standard arguments from sta- 
tionary scattering theory it is possible for |/3| < 3 to conclude correspondingly 
\d^d^w{x,£^)\ < Cq,^(x)'^'. This implies that, after integration by parts (i.e. 

using e-'V«'+™' = iV«!+™!^e-'"V«'^+™' etc., sec [SWl] p. 25) 

|(A.3)| < c{x)-''+''{y)-'^+''s-''e-'' and so|(A.2)| < c{x)-''+'' {y)-'^+H-''+\ 
For 7 > r + 3/2 and r = 3, we obtain the conclusion. 
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Rem,ark A.l. Notice that when < Ce""'^' for o > 0, equations (A.4)- 

(A. 5) make sense with i|^| replaced by \/ — ^1 ~ ^1 with ^ in an open neigh- 
borhood U of M^\{0} in C^\{0}. Then we get solutions w(a;,^) bounded and 
analytic in ^. Correspondingly we obtain u{x,^) for £, G U analytic in U and 
with \u{x,0\ < Cel^l^?=il^'"«^l. Consequently, if \v{x)\ < coe"^!^! for 6 > 
and for the distorted plane wave transformation 

v{0 = {27t)-'- [ u{y,Ov{y)dy, (A.6) 

then v{^) extends into an holomorphic function in some open neighborhood of 
IR3\{o} in C3\{0}. 

A. 2 Proof of Lemma 6.6 

The proof originates from [M] , but here we state the steps of a simplification in 
[CT]. We first state Lemmas A.2-A.3. They imply Lemma 6.6 by an argument 
in [M]. First of all we need some estimates on the resolvent, for the proof see 

Lemma 2.8 [DF]: 

Lemma A. 2. For any s > 1 there is a C > such that for any z with Imz > 
we have 

\\RBiz)Pc\\s^^2,s ,^2,-s^ < C. (A.7) 

Estimates (A.7) yield a Kato smoothness [Kl] result, see the proof of Lemma 
3.3 [CT]: 

Lemma A. 3. Under the hypotheses of Lemma A. 2 for any s > 1 there us a C 
s.t. for all Schwartz functions uo{x) and g{t, x) we have 

\\e-'^*P,uo\\^.^2.~s < C\\uo\\li (A.8) 
114 e'^^PMt, ■)dt\\^, < C\\g\\^, . (A.9) 

Now we are ready to prove Lemma 6.6. For g{t,x) G Cq°(M x M^) set 

Tg{t) = / e-'(*-^)^Pe5(s)ds- 
Jo 

(A.9) implies / := J^°° Pcg{s)ds G L^. By Lemma 6.4 for all {r,p) admis- 
sible we have 

||T5(i)|!^^^i_i_i„<||/IU. <IML.^.,.. 

The following well known result by Christ Kieselev, see Lemma 3.1 [SmS], yields 
Lemma 6.6. 
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Lemma A. 4. Consider two Banach spaces and X and Y and K{s, t) continuous 
function valued in the space B{X, Y). Let 

/OO pt 
Kit, s)f{s)ds and TKfit) = / K{t, s)f{s)ds. 
-OO J —OO 

Then we have: Let I < p < q < oo and I an interval. Assume that there exists 
C > such that 

\\TKf\\Li{I,Y)) < C\\f\\LP{I,X)- 

Then 

\\TKf\\Li(I,Y)) < C'II/Wlp^j^x) 

where C = C'{C,p,q) > 0. 



B Proof of Lemma 7.11. 

First of all (7.6) immediately implies the a estimate 

II'?''IIl|([o,t]) ^ for all multi indexes /x with co ■ fx > m 



(B.l) 



Then ||c?|7?.|lii < e^, see Remark 7.6. We look at other terms. 

We start by studying the product of rjj with the remaining terms of the 
second line of (7.34). 



Lemma B.l. Provided e is small enough one has 



jk 



56 



dG \ ./dG_, ^ 



(B.2) 



Proof. We begin by the simplest term, i.e. the one of the form rjj (^^-,g 
g is already estimated by (7.22), so it is enough to estimate (for each j) 



t dG 



+ O(e') < 



(B.3) 



\£,jGij \ is bounded by the absolute values of terms of the form either 

,fx'GM,uGM,{i^,u')^ (0, 0), 



or 



(B.4) 
(B.5) 



In case (B.4) 



< CCle^. 
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Similarly, in case (B.5) 

We come to the terms involving A. Notice that 



Then we have 



with /X, V in M, fif- ^ . 



(B.6) 



Here we used the fact that |^ = f ^ for some /3 7^ 0, for otherwise f'^ = ffe, 
which by n G M would imply Wfe > m, which is not true. (B.6) can be easily 
combined with estimates on Gi^k and g to complete the proof of (B.2). □ 



Lemma B.2. We have 



Vj 



(B.7) 



Proof. For definiteness we focus on \\{djZo{^) — djZo{r]))r]j\\]^i. It is enough to 

consider quantities r?"^'^ — ^"^f]j with w ■ a = oj ■ (3 and (3j > 0. By Taylor 
expansion these are 



(6 - Vk)V3 + ^dk 



{^k-fik)fij+fiM\^-v\^)- 



The reminder term is the easiest, the other two terms similar. Substituting 

(5.24), a typical term in the first summation is 1 with all four a, 13, A 

and S in M and with ak ^0 ^ Bk- (H5) and w • a = w • /? imply that there is 
at least one index ^ such that Wi = tok- Then 



< del^l+l'^l < de^ (B.8) 



by the fact that monomials in are such that |a| = |/3| > 2. Other terms 
can be bounded similarly. □ 
Finally, the proof of Lemma 7.11 is completed with the following: 



Lemma B.3. The following estimate holds 

dAi dZn 



E 



(B.9) 
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Proof. The quantity under consideration is the sum of terms of the form 

where the indexes are such that 

and u G M, (J ■ {a- p) = 0, fii ^0 ^ Pi. 
By (H5) there is 7^ such that Wk = u)i Then 



(B.IO) 



6 



< iiri 



6 



by the fact that monomials ^"^^ in Zq are such that \a\ = \(3\ > 2. 



□ 
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